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Abstract 

In the s-channel Higgs-boson-exchange processes, the interference between the 
amphtudes for CP-even and CP-odd Higgs bosons is sizable, if the hehcities of initial 
and final particles are properly fixed and if the mass difference between these bosons 
is not much larger than their decay widths. We discuss this interference effect in 
the process /i — > ti. Examining the effects gives us information on CP-parity 
for Higgs bosons and on the sign of a product of the coupling constants for 
Hti, Afi~ and Att vertices. The feasibility of observing the interference effect in 
future muon colliders is evaluated in the framework of the minimal supersymmetric 
extension of the standard model as an example. 



1 Introduction 



The standard model (SM) of particle physics predicts one physical neutral CP-even Higgs 
boson. It can be extended by increasing Higgs fields. In models with more than one 
Higgs doublets there are extra two neutral and two charged physical Higgs bosons for each 
additional doublet. If CP is a good symmetry, one neutral boson is CP-even (H) and the 
other is CP-odd (A). Searches for the Higgs bosons and precise measurements of their 
properties are indispensable for understanding the mechanism of electroweak symmetry 
breaking and knowing which model is realized in nature. 

A muon collider is one of the ideal machines to look for the Higgs bosons H, where 
pairs are directly annihilated into H and A bosons. The muon beams can be polar- 
ized 1^. The feasibility of detecting the Higgs bosons and measuring their properties, such 
as masses, total widths and decay branching fractions has been studied fl], H, H, |, ||, 0. 
They have covered the special cases where H and A bosons are distributed overlapping their 
resonances [Q] which are often expected in the minimal supersymmetric extension of the 
SM (MSSM) and where mixing between H and A bosons occurs due to loop-induced CP 
violation . Moreover, determining the CP-nature of Higgs bosons has been also discussed 
by using initial muon polarizations 0. 

We here take into consideration of overlapped resonances, especially concentrating on 
interference between the resonances. As was pointed out recently in Ref. where the 
process 77 it is studied, the amplitudes of s-channel exchanges for H and A bosons can 
sizably interfere with each other, if the helicities of the initial and final particles are fixed 
properly and if the mass difference between these Higgs bosons is at most of the same order 
as their decay widths. This interference effect disappears if the helicities of both initial and 
final particles are not fixed. Similar effects are also expected in the process fi^fi^ tt. 

In this paper, we discuss the interference effects on the cross section of the process 
— > tt assuming definite helicities of the initial and final particles. Although the 
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process ti is also generated by s-channel 7- and Z-exchange diagrams, their 

contributions are small under the helicity combinations which induce the s-channel H- and 
A-exchange amplitudes. The interference effects are measured by the difference between the 
cross sections for various helicity selections. We estimate an asymmetry between these cross 
sections. Examining the effects gives us information on CP-parity for the Higgs bosons. In 
addition, the asymmetry provides information about the sign of a product of the coupling 
constants for Hjj,^^^, Hti, Afi~fi~^ and Ati vertices. Since this sign depends on a model, 
we can judge a type of the model from a viewpoint of the coupling constants. An example 
is given in the MSSM which contains two Higgs doublets. 

This paper is organized as follows. In Sect. 2 we obtain helicity amplitudes of the 
process /i^/i^ tt. In Sect. 3 interference effects are discussed and an asymmetry between 
the cross sections is defined. In Sect. 4 numerical estimates of the cross sections and the 
asymmetry are given. The degree of polarization of muon beams and a method of helicity 
observation of final top pairs are also considered. We give conclusions in the last section. 

2 Helicity Amplitudes 

The process ti receives contributions from the diagrams in which H, A, 7 and Z 

are exchanged as shown in Fig. |1|. We express the helicity amplitudes for these diagrams as 



M^'-^^MT ,m;''^\mt . (2.1) 

The superscripts A and A denote the initial fi~ and fi~^ helicities, while A and A the final t 

and t helicities in the center-of-mass frame. Defining Aj, A/ as A — A, A — A, respectively, 
the amplitudes are given by 

^AAx-x ^ _4AAa^a,/^^/?^A t^. T^h.oh.o, (2.2) 

mfy s - nijj- + iniHi-H 

= (2.3) 
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■^f"' = o • 2 a ^^^^ - A ^F^F4\A (2.5) 

2 sm"' 6w cos2 ^ ^ s - mi- 



= 5x,o\l'^rn^ + \\i\, Kt = Sx^o^J'^rrit + \Xf\, (2.6) 
s — m| 

= -l + 4sin2^t^ + Ai/?^, Ft = +1 - ^sin^ Ow - XfPt, (2.7) 

where g is the weak couphng constant; m^, m^, mvi/ and mz are the masses of muon, 
top quark, W boson and Z boson; Pt and are the velocities of the top quarks and the 
muons in the center-of-mass frame; s is the colhsion energy-squared; and d is the Wigner's 
d function. The masses and the total decay widths of Higgs bosons are denoted by mH,A 
and Th.a- The coefficients a^, at, and ht are the coupling constants for Hfi~fi^, Hti, 
Afi~fi~^ and Att vertices, respectively. In the framework of the MSSM, they are expressed 
as 



1 cos a 1 sin a 1 1 
^f^ = ~n = ~o— b^ = -tanP, bt = -cotp. {21 

2 cos p 2smp 2 2 



Here a is the mixing angle of the two CP-even Higgs bosons and tan/? is the ratio of the 
vacuum expectation values of two Higgs doublets. Here — 4a^af is almost unity within the 
accuracy of 13% for tan/5 = 1 — 100 in the MSSM, which is comparable with Ab^bt = 1. 

The Higgs-exchange diagrams can contribute only for Aj = A/ = 0. The absolute values 
of Ai.y and in this case are proportional to m^, and negligibly small around the mass 
poles of the Higgs bosons if the masses of the Higgs bosons are far above mz, as will be 
seen in the subsection 3.3. 

3 Interference Effects 

The signs of Higgs-exchange amplitudes change under CP transformation. Expressing 
■Mh^a^ as A4h,a, where R (L) means the hehcity -1-1/2 (—1/2), the helicity dependence 
of the Higgs-exchange amplitudes is summarized in Table ||. With \RR) and \LL) being 
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spin-zero states of tpttR or /i^/i^, and t^tL or fiffJ'L system, respectively, these states are 
interchanged under CP transformation, 

CV\RR) = -\LL) , 

CV\LL) = -\RR) . (3.1) 

For example, Ai^^^^ and Ai^^^^ are related by CP transformation of the final tt sys- 
tem and have the same absolute value of the amplitudes with the different signs. As for 
A^A, the odd contribution of CP transformation for the final ti state is cancelled by the 
transformation of the CP-odd Higgs boson. 

With the helicities fixed, the interference term of the amplitudes for the Higgs bosons, 
^^AAAA^ is given by 

^^AAAA ^ J!^|L7^e[_^AAAA._^*AAAA] ^g^) 

where is the color factor of the top quark, 0i and 02 denote the relevant two Higgs bosons. 
The interference between the amplitudes for two Higgs bosons is manifestly dependent on 
the relative CP-parity of the Higgs bosons. According to Tabel , the terms Aa^^^^ for 
different helicity states are related to each other. For (pi = H and 02 = A, 

^^RRRR ^ ^^LLLL ^ _^^RRLL ^ _^^LLRR^ (3 3) 

while for 0i = 02 = or 0i = 02 = A 

^^RRRR ^ ^^LLLL ^ ^^RRLL ^ ^^LLRR _ ^3 4) 

Therefore, the comparison of the interference terms between the different helicity states 
could provide a useful information on the Higgs CP-parity. 

As an index for the interference term between two Higgs bosons, we define an asymmetry 
of the cross sections as 

A = ^] 

~ (jRRRR _|_ fjLLLL _|_ (jRRLL _|_ g-LLRR " ^ ' 
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where a denotes the cross section of n fx — ^ tt with fixed hehcities which is given by 



a = — — I a cos 6 



M 



AAAA 



2 



(3.6) 



327rs;3^ 

with M.^^^^ denoting the sum of relevant amphtudes. 6 is the scattering angle of the top 
quarks in center-of-mass frame. If the cross section receives contributions dominantly from 
the diagrams mediated by the two Higgs bosons, the cross section can be written as 

AAAA A fi.. |2 , i.v |2l , A„AAAA 



and the asymmetry becomes 

^ = \mI\^^\M^\^ (0. = i/and0. = A), 

= (0i = 02 = iy or 01 = 02 = ^). (3.8) 

Therefore, observation of a non-vanishing value for A indicates that the two Higgs bosons 
have different CP-parities. 

In addition, from the sign of A, we can also learn the sign of the product of the coupling 



constants for Hjj, jj,'^ , Htt, Ajj, yU+ and Att vertices. From eq. (2^) and eq. (2^) , 



2 2 

ne[MH ■ M\] = (a^ ■ at ■ ■ h) /3^(3t 9^ V (3.9) 



771 



W 



where 



^ ^ (g - m\) {s - 77i\) + 7nHmATHTA , . 

-[{s-7niy + 7nlTl] [{s - 77i\y + m\T\] ' > 

The sign of A is coincident with the sign of (a^ ■ CLfb^ ■ ht) in the region of P > and is 

opposite to in the region of P < 0. 

4 Numerical Estimates 
4.1 Interference effect in MSSM 

Assuming the MSSM as an example for various multi-Higgs-doublet models, we present 
numerical estimates of the asymmetry A. The MSSM include three neutral Higgs bosons. 
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two of which are CP-even and the other is CP-odd. The Higgs sector can be parameterized 
by two parameters, the mass of the CP-odd Higgs boson rriA and the ratio of the vacuum 
expectation values tan f3. If is sufficiently large, the mass of the heavier CP-even 
Higgs boson itlh becomes approximately degenerated into ttla- For definiteness, we take 
rriA = 400GeV and tan/5 = 3, 7, 15 and 30. The masses, the decay widths and the decay 
branching ratios of the Higgs bosons from which we derive the coupling constants among 
Higgs and fermions are computed by the program HDECAY 0, which are listed in Table 0. 
For the input parameters in the program, the sfermion mass scale is set for mgusY = 1 TeV, 
the SU(2) gaugino mass parameter M2 for 500 GeV and the higgsino mixing mass parameter 
/i for —500 GeV, which result in heavy supersymmetric particles. No new particles other 
than Higgs bosons are produced by the decay of the H and A bosons for the parameters. 

In Fig. 1^ we show the center-of-mass-energy dependence of the cross sections for the 
helicity combinations satisfying Aj = A/ = 0. The cross sections for A = A = A = A, 
^LLLL g^^^ ^RRBR^ different from those for A = A 7^ A = A, a^^^^ and a^^^^. These 
differences come from the interference effect between the Higgs-exchange amplitudes. The 
peak cross section is maximized at tan /? ~ 7, as cr ~ 4000 fb. The cross section mediated 
by 7- and Z-exchange diagrams are smaller than 0.01 fb for Aj = A/ = 0, and generally 
negligible in these energy range. A Large interference effect can be seen when the mass 
difference between H and A bosons is smaller than their widths and two Higgs-exchange 
amplitudes have comparable magnitudes, as is shown for tan (3 = 15 and 30 in Fig. |^. 

The asymmetry A for the cross sections is given in Table ^ for several values of ^/s 
at and around the resonances. The asymmetry reaches to 0{1) in certain ranges of ^/s, 
showing the strong effect of the interference between H and A. Since A is negative for 
y/s < 171 H, A, we can deduce 

ttf, ■ at ■ ■ bt < (4.1) 

which is consistent with eq. ( |2.8| ). 
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4.2 Beam polarization and helicity observation 

The above arguments did not take account of the degree of polarization of the initial muon 
beams and the helicity observation of the final top pairs. As was mentioned in section 2, the 
absolute values of the amplitudes of 7- and Z-exchange diagrams with helicity combinations 
other than Aj = A/ = are generally larger than those with A^ = A/ = (Fig. 
Therefore, the background processes 7/Z — ^ tt should be considered as long as 

the polarization of muon beams and the efficiency of helicity observation of top pairs are 
not perfect. The cross sections are contaminated with these backgrounds. 

There are some statistical methods to measure the top-quark helicity [§, |10|, 0. As 
an illustration, we follow Ref. |Q. The bottom quark decaying from a top quark has the 
angular distribution proportional to 0.5 — 0.2Acos^^, where 6 is the emission angle of the 
bottom quark in the rest frame of the decaying top quark with respect to the direction 
of the top momentum in the tt cm. frame. The anti-bottom quark has the distributon 
proportional to 0.5 + 0.2Acos6', where 6 is the emission angle of the anti-bottom quark 
Q. Therefore, an event with the top quark decaying forward and with the anti-top quark 
decaying backward is most likely to be a titi event. Applying the emission angle cuts F 
(forward, < cos cos < -|-1) and B (backward, —1 < cos 6', cos < 0) to the bottom 
quark diretion, the counted numbers of polarized top and anti-top decay events are reduced 
by the factor R and R, respectively. 



R(F,\) = i^^, R{B,\) - 



/tl^,AJ - 

1 + 2Ar - 1 -2Ar ^ > 

where r is — rp in Ref. M, and its value is estimated to be 0.2 in this method. If one 



observe the direction of the charged lepton from the t — > bW hlu decay |]rT|, instead of 

the bottom quark direction, r reaches to be 0.5 in the Born approximation. 

^In order to derive the emission angles, 9 and 6, one needs to identify the charge and the momentum of 
the top and the anti-top quarks. The tasks can be done by observing their decay products. For example, 
when one W decays leptonically and the other decays hadronically, we can generally reconstruct the top 
and the anti-top decay kinematics. Seniileptonic decays of the B mesons can be used when both M^'s decay 
hadronically. The efhciency of the analysis of such ti reconstructions is discussed in Ref. p2[ . 
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We define the effective cross sections as follows: 

a{P,-,P^,,c,c) = E ,aaaa (1 + (1 + 2AP..) ^(e, X)R{c,X), (4.3) 

AAAA 

where P^- and denote the degree of polarizations of /i~ and /x"*", and c and c are F or B, 
respectively. The effective cross sections are shown in Fig. assuming |P^-| = |-P^+| = 0.6 
as an example. To extract the Higgs signal efficiently, we should select as P^- = P^+ = P 
and, c = F and c = B or c = B and c = F. In these selections, the background cross 
sections of 7 and Z are independent on the signs of P's and the choice of c. There is 
another interference contribution between the Higgs-exchange and the 7- or Z-exchange 
amplitude for Aj = A/ = 0, and this interference has helicity dependence, however, it is 
negligibly small. With the polarizations and the emission angle cuts, we can define another 
asymmetry of the cross sections between the different cuts, with P unchanged. 

aiP,P,B,F)-aiP,P,F,B) 



A 



a{P,P,B,F) + a{P,P,F,B) 



(jdiff 
^tot 



(4.4) 



+ (1 _ p2) ^ + a'^LLL + ^RLRR ^ ^LRLL-^ 

[\ — e^^(^a^^^^ + ^RLLR _|_ ^RLRL _|_ ^LRLR-^ 
+ (1 _ p)2[(l + e2)(^ii^« + a'^LLL-^ + (1 _ e2)(^LLHL ^ ^LLLif)j | ^4 5) 

As is demonstrated in Table ^, the ratio of the asymmetries A/ X is at least three and 
sometimes reaches to several ten, which means the strong suppression due to the 7 and Z 
contributions. 

Since the 7- and Z-exchange cross sections are well-known, we can define the other 
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(4.6) 



where at^^ and 0"*°^ are the 7 and Z contributions in a'^*'^-^ and 0"*°*, respectively. Here 
cr^^*^'^ is vanishing. Since we have extracted the background effects of 7- and Z-exchange 



When X' > 0.1 A is required, r > 0.3 for P = 0.1 and P > 0.13 for r = 0.2. The values 
for P = 0.6 and r = 0.2 are shown in Table ^ 

Neglecting the systematic errors and assuming 100% efficiency, we found that required 
luminosity to establish the non-zero asymmetry A" is least at moderate value of tan /?. Only 
> 20 pb~^ of the integreted luminosity enables us to perceive a non-vanishing asymmetry 
within 1-cr statistical error for tan/3 = 15, and 30 pb^^ for tan/3 = 7. For tan/3 = 3 and 
30, 0.25 fb"^ and 1.5 fb~^ are required, respectively. 

5 Conclusions 

We have discussed the interference effect on the cross section of the process yU^yU^ — *■ 
tt with H and A resonances almost degenerated. The interference between H and A 
bosons arises if muon beams are longitudinally polarized and if we observe the helicities 
of the top quarks. The interference effect can be measured by observing the difference 
between the cross sections with appropriate helicity combinations. It has been shown that 
the existence of the difference can be reliable evidence of the existence of both H and A 
bosons, while the absence indicates the existence of only H bosons or A bosons around 
the resonances. It is especially important that the existence of the H and A bosons can 
be established even if their masses are degenerated, by observing the interference effect in 
the overlapped resonances. We have estimated an asymmetry between the cross sections 



from a! , the A" is proportional to A: 



A 



It 



4 



A 



(4.7) 
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adopting the MSSM as an example. Even after taking into account the background 7- and 
Z-exchange contributions because of incompleteness of the polarizations of muon beams 
and the measurement of top quark helicities, the absolute values of the asymmetry can be 
detectable in certain ranges of ^/s. If we can accumulate the luminosities which enable us 
to perceive the asymmetry, it is possible to learn not only the existence of H and A bosons 
but also the sign of the product of couphng constants of Higgs bosons to fermions from the 
sign of the asymmetry. 
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Tables 



Table 1: The helicity dependence of the Higgs amphtudes of H/A — > tt. We 

denote Ai^J^^ QS M.h/a for simphcity. 







tRtR 




Mh 
Ma 


-Mh 
Ma 




-Mh 
Ma 


Mh 
Ma 
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Table 2: The masses, the total decay widths, the n'^jj,' decay branching ratios and the 
tt decay branching ratios of the H and A bosons in the MSSM adopted in our numerical 
simulations. 



tan [3 
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Figure 1: The diagrams of the process fi^fi tt around the mass poles of H and A 
bosons. 



14 



Table 3: The cross sections and the asymmetries. We denote aH,A{P, P,c,c) with 7 and Z 
contributions extracted to be aH,A{c,c), for simphcity, where P and r are assumed to be 
+0.6 and 0.2, respectively, and c and c are F (forward) or B (backward) of the angle cut. 
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Figure 2: The cross sections of — > ti with Higgs resonances for tan/3 = 3, 7, 10 and 
30. The sohd curves show the cross sections for /x^/x^ — > ^l^l or yuj/^^j tntR, the dashed 
curves for /x^/x^ tj^R or /x^/x^ tLtL- 
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Figure 3: The cross sections of fi^ii' 7/Z tt. The cross sections, a^^^^, a^^^^, 

^RRRR^ ^RRLL^ ^LLLR^ ^LLRL ^ ^RRLR ^RRRL smaller than 0.01 [fb]. 
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Figure 4: The effective cross sections of fi^fi^ tt for tan/9 = 3, 7, 10 and 30. The sohd 
curves are for a{P, P, B, F) or a{—P, —P, F, B), while the dashed curves for a{P, P, F, B) 
or (t(-P, -P, P, F), with P = +0.6 and r = 0.2. 
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